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The article is devoted to the problem of determining the residual life of mechanical objects based on the analysis
of their failure statistics using a probabilistic-physical approach. The feasibility of applying the diffusion monotonic
distribution (DM-distribution) as a theoretical reliability model is substantiated. This model differs from traditional
strictly probabilistic distributions in that its parameters have a clear physical interpretation: the coefficient of variation
ofthe generalized degradation process and the average rate of change of the determining parameter. Such an approach
makes it possible to combine mathematical rigor with the physical essence of wear and degradation processes.

The article considers the main characteristics of residual life-mean value and gamma-percent life and provides
the formulas for their calculation using the DM-distribution. The method is shown to be convenient both in cases
where the dynamics of the determining parameter are known and when long-term failure statistics are available.
An example is given using experimental data from fatigue tests of V-95 alloy samples, widely employed by different
researchers, which confirms the adequacy of the chosen model.

The comparison of empirical and calculated estimates demonstrates their closeness, with the error not exceeding
5 %, which is a high level of accuracy for statistical estimation practice. The practical significance of the research
lies in enabling effective planning of replacement intervals and preventive maintenance for long-life objects such as
nuclear power plants, pipelines, bridges, and aircraft.
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®edyxiH OsiekcaHOp, CmpesibHikos Banepili, Myxa Apmem. [Tpo2Ho3yBaHHS 3a/IUWLIKOBO20 pecypcy
(HanpayrosaHHs1) MexaHiYHUX 06’€KmiB 3a cmamucmuKolro ix BioMoB8

Cmammio rpucssiyeHo npobsiemMi BU3HAYEHHSI 3a/IULWLKOBO20 PECYPCY MEXaHIYHUX 06'€EKMIB Ha OCHOBI aHasli3y
cmamucmuku ix 8iOMOB I3 BUKOPUCMAHHSIM iMOBIPHICHO-Gi3U4HO20 MioX00y. ¥ pobomi 06rpyHmMoByemMbCsi 00Yi/1b-
Hicmb 3acmocyBaHHs1 0upy3iliHo2o0 MOHOMOHHO20 PO3rodisy (DM-po3nodiny) sik meopemuyHoi Modesi HadiliHoC-
mi. Lisi Modesib BiOpi3HsIEMbCS Bi0 mpaduyiliHux cmpo20 UMOBIPHICHUX pO3Modiais mum, Wo ii napamempu Marome
chizudHy iHmepnpemauyito: koegiyieHm sapiayii y3a2asbHeH020 rpoyecy deepadayii ma cepedHio WaUuOKiCMb 3MiHU
BU3HaYa/IbHO20 napamempa. Takul nioxio dae 3Mo2y NoeOHamu MamemMamuyHy cmpozicmb 3i 3P03yMI/ION (hi3uy-
HOK cymmio rpoyecis 3HowysaHHs U pyUHyBaHHs1 06’ekmiB.

Y cmammi po3a/isiHymo OCHOBHI XapakmepucmuKu 3a/TUWLKOBO20 PECYpPCy — CepPeOHe 3HaYeHHsI ma 2aMma-sio-
comkosul pecypc, HagedeHo BUpasu 07151 Ix 064UC/1IeHHs1 Ha 0CHosi DM-po3nodiny. [Noka3aHo, Wo MemMoouKa € 3pyy-
HOI0 SIK y sunaokax, Ko/iu gidomMa duHamika 3MiHU BU3Ha4a/1bHO20 napamempa, mak i 3a HasiBHocmi 00820CMPOKOBOT
cmamucmuku 8iOMo8. HasedeHo npuk/iad 06pobKuU eKCriepuMeHmasbHUX 0aHuX i3 BMOMHUX BUMPObYBaHb, KUl
WUPOKO BUKOPUCMOBYBABCS PI3HUMU OOC/IIOHUKaMU, WO Mmomsepoxye adekBamHicmbs 06paHol ModeTi.
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Pe3ynbmamu ropisHsIHHA eMMipuYHUX | po3paxyHKOBUX OUIHOK csidYyamb Mpo iXHIO 6/IU3bKICMb, 30KpeEMa,
roxubka He nepesuwyye 5 %, Wo € BUCOKUM MOKA3HUKOM MOYHOCMI 0711 cmamucmuyHUxX Memodis. pakmuyHe
3HauYeHHs1 O0C/IOXKEHHSI M0/152a€ Y MOX/IUBOCMI eQheKMUBHO20 r/1aHyBaHHS MepPMIHIi8 3aMiHU ma npoghiiakmuyHUX
3axodig 0719 06’ekmig 3 mpusaUM MEPMIHOM C/1yX06U, SIK-0m amoMHi cmaHyii, mpy60ornposodu, Mocmosi Criopyou

U asiayiliHa mexHika.

Knrouosi cnosa: 3anuwkosul pecypc, DM-po3nodin, HadiliHicmb, cmamucmuka 8i0MOB8, Npo2HO3YBaHHSI.

Introduction. The experience of operating
technical systems shows that the assigned durability
and service life indicators for many types of
technical systems often turn out to be significantly
underestimated due to inaccuracies in reliability
prediction methods or because of more favorable
operating conditions. This leads to the premature
decommissioning of technical systems for their
intended purpose and, consequently, to the inefficient
use of material resources spent on the development,
production, and operation of such systems. In this
regard, the assessment of the expected residual
operating time (resource, service life) is of great
practical importance =(t). That is, the operating time
of objects after the moment t, if they have not failed
(i.e., have not reached the limiting state) by that time.
Knowledge of the residual operating time makes it
possible to ensure more efficient further operation
of the objects and to plan the timing of replacements
or preventive maintenance activities. It is obvious
that () applies only to objects that have not failed
(i.e., have not reached the limiting state) by the given
moment in time .

The purpose of this article is to develop a
methodology for calculating the residual life of
mechanical objects using the DM-distribution and
initial data in the form of failure statistics collected
over a period of monitored operation.

Theoretical Foundations, Methods, and
Research Techniques. Since the residual life t,

F@.r(0|

is a random variable, its main characteristic
is considered to be the distribution function
F(t|1:), which is a conditional probability
distribution function that can be represented by
the residual life probability density r(f) or by the
conditional probability of failure-free operation
R(r| )=1- F(t\ 1), commonly referred to [1] as the
residual reliability function.

The following are generally accepted [2] as the
main indicators of residual life:

— mean residual life =n(r), defined as the
mathematical expectation of the residual life after
operating time t;

— gamma-percent residual life = (t), defined as
the operating time starting from a certain moment
in time t, during which an object that has operated
without failure up to that moment will have a
conditional probability of failure-free operation
equal toy

Rlt+m (7)]

R) 1)

If the initial life distribution function of the
products under study F(t) (or the life probability
density f(t)) is known, it is possible to derive
expressions for all the above-mentioned residual
life characteristics.

Fig. 1 shows the possible initial operating
time probability density f(t) (dashed line) and the
residual life probability density r(f)

——= f(t) — probability density

m— r(t) — residual life

Fig. 1. Probability density of the initial operating time and
probability density f(t) of the residual life, r(tf) for moment t
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Fig. 2. Determination of the residual reliability function R(t| 1),
R(t)- primary reliability function

Residual life probability density r(f) = f(t | 1),
which is a conditional density, is obtained from the
expression for the primary life probability density f(t)
taking into account truncation at t the minimum t:

r(t) = CA(®), )

where C = — normalizing factor.

0

j f(t)dt

Thus, the residual life probability density in the
general case has the following form:

0 of
rt)=4 £ of
1-F(t)
From the latter relation, the expected residual

life (mathematical expectation of the residual life)
is determined as follows:

t <,

£ ®3)

T(t —)f(t)dt

n(t) = Ttr(t)dt —-1= T(t —)r(t)dt ==

1-F(7) “)

Fig. 2 shows the values of the function R(t) (bold
dashed curve) and the residual reliability function
R(t| ) (bold solid line).

The function R(t| 1) corresponds to the function
R(t) on the interval [t; +o0], with the R axis shifted to
the point t. That is, in the new system, the starting
point is taken as t (the moment of technical
condition monitoring), and the value of R(t) in the
new system is taken to be equal to one.

Thus, for the function R(t|r) on the interval
[t; +o0], the scale of the R axis is increased by the

1
value .
R()
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In the new scale, the section of the function
R(t) on the interval [t; +x] represents the residual
function R(t| 7).

In accordance with standard [3], for technical
systems in which failures of mechanical elements
prevail,itisrecommended to use the DM-distribution
as the theoretical model of time-to-failure (to the
limiting state). The diffusion DM-distribution, as a
probabilistic-physical model specifically developed
to describe failure distributions, is increasingly
being applied, effectively replacing traditional
purely probabilistic distributions such as the
Weibull, lognormal, and others.

Below is the procedure for obtaining analytical
expressions for the main characteristics of residual
life in the case of the DM-distribution.

Let us write down the expressions for the main
functions of the DM-distribution used to calculate
the expected residual life n(t).

DM-distribution density:

(t-n)?
f(t) _ (t + “’) Vi 2V2p.t (5)

2wt 2mut '

where p is the scale parameter, which coincides
with the median of the distribution, and v is the
shape parameter v, which coincides with the
coefficient of variation of the distribution.

The DM-distribution function:

_ : _a
F(t) = DM(t;, v) = q{v Jﬁj (6)

where @() — standard normal distribution function.
Reliability function:

a4 . ol ht
R(t) =1-DM(t;p,v) q{v \/EJ (7)
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Residual life probability density in the case of
the DM-distribution:

_(t=w?
g 2v2ut

(t+p)

r(t) =
2vt2mutd [

where t > 1. (8)

')

Let us write down the initial expression of the
desired function =(t) in accordance with (2):

(1) = o j (t=f(t)at, )

where R(z) = q{ H _TJ — probability of failure-free
VA/UT
operation at time ¢t = .

Let us represent the desired integral (7) as the
difference of two integrals:

j(t —)f(t)dt = j t(t)dt — j f(t)dt. (10)

After the corresponding substitutions and

calculations, we obtain

{ [7) } [H

V2 e B N T
+“7£2V (D( o J W NPy 22

v

o M1
VA/UT

Let us determine the expression for the gamma-
percent residual life. As is well known [2], gamma-
percent residual life n(t) is the operating time
starting from a certain moment in time t, during
which an object that has operated without failure up
to that moment will have a conditional probability
of failure-free operation equal to a specified level y:
Y =R[t + n(t)/R(7)].

Therefore,

w—r H—T—TCV(T)
y @[ j o Lm0 |
ut v,m{r+ny(r)}
From the latter relation, we obtain:

(1) = L+ U7 V2 /2 ~U, v 1+ Uz v /4) -1 (12)

Results and Discussion. For the purpose of
evaluating the performance and adequacy of the
obtained expression for n(t), let us consider the
experimental and predicted estimates of residual
life using a specific example.

As the initial data, let us take the well-known
dataset of fatigue test results for samples made of

n(t) = (11)

V-95 alloy, which various authors [3-5] have used
in their research.

The complete variation series and statistical
characteristics (mean, coefficient of variation, etc.)
are given in standard [3].

The sample size is N = 463, the sample mean is
S =169,040 cycles, and the coefficient of variation
is V = 0.56. The first term of the sample variation
series is t; = 44,000 cycles, and the last term is
tig3 = 690,000 cycles.

Based on statistical data, the following estimates
of the DM-distribution parameters were obtained
using the method of moments:

_ 5(5-V?)

“_—
4 ++/1+3V?
{2(% —1+143V2

5-Vv?

Table 1 presents the results of calculating ()
using formula (11) for ten truncation moments
1. Since the final results are known, empirical
estimates of the residual life T(t,) (j=1, 2, ..., 10)
for the corresponding moments were also
calculated.

The residual life estimate T(t;) was carried out
according to formula [2]:

=146 127, (13)

V=

)} = 056. (14)

N

~ 1
0= DNk, &2 (19)
wherez;=t;—1; Ky(t)=1- [1 - 15(1-)]” CP(r)=1 _%;

k — number of failed objects in the interval (0, ).

A clearer representation of the relationships
and patterns of the characteristics under study is
shown in Fig. 3.

The theoretical steady-state value of the residual
life (for © > 2...3 T,,) based on the DM-distribution
is m,(t) = 2uv? = 91 621 cycles. As can be seen,
the predicted estimates of n(tr) are quite close
to the theoretical and experimental estimates.
The discrepancy between the experimental and
predicted estimates of residual life for moments
T4, ..., Tg (the most reliably calculated and having
the greatest practical significance) averages about
5 %. This is a very high accuracy for statistical
estimation practice. It should be noted that the
last points (at the very tail of the distribution) have

unreliable empirical estimates of 7(t) due to the
small number of remaining non-failed samples.
Thus, at time 7, there were two non-failed
samples, and at time 14 there were three samples.

Conclusions. Residual life is an important and
one of the most relevant reliability characteristics
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Table 1
Calculated and empirical estimates of residual life
T 60000 | 120000 | 18000 | 240000 | 300000 | 360000 | 420000 | 480000 | 540000 | 600000
T(7) 114 670| 92196 | 94276 | 93978 | 93154 | 82550 | 75000 | 74000 | 80000 | 55000
7(t) 115229| 96268 | 90665 | 87112 | 87168 | 87395 | 85802 | 87428 | 89836 | 87419
*
f 105 10 710
1.2¢
[} A(1)
1.0 '_ A a .
________________ e e e~ AN J S
0.8} L A e A
x(r) A A T(7)
0.6 Y
1
0.41 /
0.2
0'00 1 2 <4 5 6
N-107°cycles

Fig. 3. Histogram f*(f), experimental residual life 7(t), calculated
residual life n(t), steady-state mean residual life =, and failure rate A(t)

of products at any stage of their life cycle. This is
especially true for objects with a long service life,
particularly towards the end or after the expiration
of this period. Examples of such safety-critical
objects include nuclear power plants, bridges,
aircraft, and similar systems.

Using the DM-distribution as a theoretical
reliability model makes it possible to predict the
expected residual life (operating time, service life)
at any stage of storage or operation in a relatively
simple and sufficiently reliable way. Currently,
the most developed approaches to residual life
assessment are based on analyzing the dynamics
of changes in the determining life parameter

[6-19], where examples are given of residual life
evaluation using the DM-distribution for a wide
variety of mechanical objects.

The approach proposed in this article for
assessing the residual life of mechanical objects
based on failure statistics makes it possible
to determine both the mean and the gamma-
percent residual life of mechanical objects
within the framework of the DM-distribution
hypothesis for time-to-failure. The prediction
results obtained show good agreement with the
results derived from model examples and from
monitored operation of certain real mechanical
objects.
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